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Abstract—These notes serve as a personal summary, designed
to help me consolidate what I have learned and provide a quick
reference for the main ideas and concepts of General Relativity
(GR) when needed. They are based on the outstanding lectures
by Professor Leonard Susskind and André Cabannes. I have long
believed that one can write meaningfully about a subject only
after achieving true expertise through many hours of study and
developing a deep understanding of its interconnections. At the
same time, I also consider writing to be one of the most effective
ways to reach that level of understanding. For this reason, I
strongly recommend that readers consult professional and expert
academic sources for a reliable treatment of the subject. This
document should be regarded merely as a set of personal student
notes, which may contain errors or inaccuracies.

Flatness and Gravity

HE problem of determining whether a gravitational field

is present in a given region is mathematically equivalent
to the problem of ascertaining whether the geometry of that
region is flat or curved. Let us consider a three-dimensional
space and a two-dimensional surface S embedded in it. Each
point on this surface is parameterized by coordinates X' and
X?2. The surface is equipped with a metric that defines the
infinitesimal distance between nearby points.
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where m and n run from 1 to 2. This expression follows the
Einstein sumation convention. A flat geometry requires the
following

dS* = 6, ndX™MdX" =

dS? = gmn(X)dX™dX"
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where 6., , refers to the delta Kronecker function. If the metric
we have does not satisfy this requirement, that does not mean
that the surface is not flat, as it might mean that the system
of coordinates we are using to which this metric belongs, is
not flat. But we might find another system of coordinates Y
such that at any point P, a located by those Y coordinates, the
metric has the form from eq. 2. as follows once we transform
from X to Y.

(de)Q + (an)2

dS? = Gy ndY "' dY™ = (dY™)? + (dY™)? 3)

The technique to find this system of coordinates is to
search for a diagnostic quantity, built out of the metric and its
derivatives that then we can compute. That diagnostic quantity
is the curvature tensor, or the Gaussian curvature in two
dimensions. If it is zero everywhere then the space is flat.
If it is not at any given location, then the space shows some
curvature.

We need to find a system of coordinates such that we force
the metric in that system to look like that of eq. 2.

Theorem 0.1: At any given point P in the space, we can

find a system of coordinates in which the metric is 6., r, to first
order in small deviations from the point. In general, unless the
space is flat, the attempt will fail beyond first order.
These coordinates are called Gaussian Normal Coordinates. It
consists of a tangent plane to the surface S at point P, whose
axes are perpendicular to each other. At every point P of the
surface you can choose Gaussian Normal Coordinates such
that, at that point, whose coordinates are X, we have

The theorem says that once you have chosen the directions at
point P, you can also choose the X’s such that the derivative
of any element of the metric tensor g,,, at that point with
respect to any direction in space, X", can be set equal to zero.
We consider P at the origin of the new coordinate system X
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The reason has to do with the Taylor expansion of each
coordinate X™ in terms of Y and also the expansion of the
metric tensor. We have enough degrees of freedom to select
our coordinate system so that the first order derivative of the
expansion of g,,,, is zero. See appendix for details. So we can
construct coordinates X’s such that P is located at the origin
and the metric tensor has the form

9mn (X) = 5mn + O(X) (7

where o(X) represents the second order and higher. That
means that spaces are Euclidean up to a second order.

Let’s say we have a vector V on a surface S with a system
of coordinates Y and two points P, or origin, and Q, as
in the following figure. If we want to move this vector from
P — Q, then we can differentiate each component, that is, the
covariant component V,,, over the r direction and afterwards
over the s direction. Or the other way around.

DDV, — DsD, Vi (8)

That is equivalent to a second-order partial derivative of
Vi, expressed in covariant derivatives of a tensor. It is also
equivalent to moving the vector from P to Q along two different
paths. If eq. 8 is zero, then the space is flat, as in curved space
it is not the same to follow one path or another to go the same
point Q from P.

In flat space covariant derivatives are interchangeable. In



curved space they are not. This allows us to test whether
a space is flat or not. We will test whether differentiating
tensors and in particular vectors in opposite order gives the
same result:

o If the answer is yes everywhere in the space for any
vector, then the space is flat.

o If we discover that there are places in the space where
the order of differentiation gives different answers, then
we know that the space has some kind of defect in it.

Covariant Derivatives

The ordinary partial derivatives of the components of a vector
do not transform as a tensor, because their values depend on
the choice of coordinate system (see Figures 3 and 4). We
therefore require a more robust definition of the derivative
of a vector — one that, if it vanishes in one coordinate
system, vanishes in all others. The underlying motivation is
the following: given a spacetime equipped with a coordinate
system, we may wish to determine whether it is possible to find
another coordinate system in which the metric tensor contains
only first-order terms (i.e., whether the space is locally flat).
One way to test this is to compare the second mixed partial
derivatives of a vector field along different directions. If these
commute, the space is flat. However, we need this test to
be independent of the coordinate choice. Consequently, the
derivative must itself produce a tensor. Here is a valid way to
achieve this: We have a vector field V' on a space equipped
with any coordinate system Y. We want to calculate the
derivative of V' at a point P. Then follow these steps:

1) Change coordinates to use Gaussian normal coordinates
at P, let’s call them X (they are approximately flat at P
and valid over the whole surface).

2) Differentiate V at P in the usual way, using X-
coordinates

3) Consider the collection of partial derivatives we got
as the components of a tensor fo rank 2 in the X-
coordinates

4) Switch back to our original coordinate system Y, and re-
express in that original system the tensor we got, using
the tensor equations linking X and Y.

With that definition, the derivatives at P are the old vector
ones, corrected by the addition of a term:
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Where the term on the left is the partial derivative of V,;,, with
respect to the r direction in X. Each member of the equation
by itself is not a tensor. But the result is a tensor. I' is the
connection coefficient or Christoffel symbols. They connect
neighboring points and tell us how to calculate the rate of
change of a vector field from one point to another nearby,
even though the coordinate system may be changing. They
are symmetric. To differentiate a two index tensor, we just
add more indexes:
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Important to note that the Christoffel symbols are related to the
coordinate system, not to the intrinsic geometry of the space.

1
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Trn = 5 (11
According to that, we can rewrite
D,D,V,, = D,[0,V,, — Tt Vi] (12)
If we continue to differentiate and replace:
D,D,V, — D.D,Vn =RV, (13)
Where:
Ry, =0Ty, — 0Ly, =T8T, —T7, T, (14)

The tensor R is the curvature tensor, or Riemann curvature
tensor. Given that there partial derivatives of the connection
coefficients, this is equivalent to second order partial
derivatives of the metric tensor in eq. 11, so if the space is
flat, then the Riemann tensor will be zero as the first order
are surely zero and also the second order also. If it is not,
then the space is not flat. The quantity in gravitation to which
the curvature tensor is related is the local quantity known as
the Tidal Forces. That is, tidal forces are described by the
curvature tensor (Riemann tensor).

In a Gaussian normal coordinate system, the metric tensor
is locally the Kronecker-delta tensor up to second order.
Therefore, in any given point P, in a set of Gassian normal
coordinates at that point, the ordinary partial derivative of
first order of the components of the metric tensor is zero:

According to how we have defined it, the covariant derivative
of the metric tensor in any coordinate system at P on the
surface is equal to zero:

Dygmn =0 (16)

According to 16 and 11, the Christoffel symbols are zero in
any coordinate system whose ordinary partial derivatives of
the metric tensor are zero.

Contravariant Derivatives

We can write the contravariant form of a vector as:

V= g™y, (17)

Then we can take the covariant derivative on both sides y
aplicamos la regla de la cadena:

D.V™ = Drgmpr =+ gmp(Der) = gmp(DTVp) (18)

as the covariant derivative of the inverse of the metric tensor
must also be zero as the covariant of the derivative of the
metric tensor is zero. Now we plug equation 9 and after some
manipulation the result is:

D, V™ = g™ (D,V,) = 9,V™ + TTV* (19)



Parallel Transport

We are interested in knowing, when we move along a curve
on the space, whether the field stays parallel to itself. At each
point of the curve, parallelo to itself between X and X + dX on
the curve means that its covariant derivative in the direction
of the curve at that point X is 0. That derivative along the
trajectory corresponds to taking the covariant derivative and
multiplying by dX, in each component:

DV"™ = D, V*dX™ = g)‘(/; dX™+ 17, VidX™  (20)
DV =dV" 417 VidX™ 21

Then a vector remains parallel along a trajectory if:
DV" =dV" +T,, V'dX™ =0 (22)

A parallel transport is independent of the coordinate system.
Considering a curve S and a distance dS between the two
points X and X + dX, defined by:

dS? = gpndX™dX" (23)

The way we construct the tangent vector in the X coordinate
system is by dividing over dS the corresponding derivative of
the component:

axm
- ds
Then, if the tangent vector remains parallel to itself along the
trajectory, the following condition holds:

tm

(24)

Dt" =dt" + T, t"dX™ =0 (25)
This equation can be written as follows by dividing over dS:
atm axm
- 7Fn tri —_ 7Fn trtm
d S mr d S mr
We can write the equation as a second derivative, which
resembles to an acceleration:
d2Xn n ‘s de n Tim
W = _Fmrt W = _Fm'r't 3
A particle in a gravitational field moves along the straightest
possible trajectory, both through space and time.

(26)
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Uniform Acceleration

In figure 1, we see the light cone and the hyperbolic trajectory
of a uniformly accelerated particle for one spatial dimension
and the time dimension. We consider that trajectory the locus
of all points a fixed space-like Minkowski distance from the
origin in that figure with the form of a hyperbola:

X?-T% =72 (28)

This form is hyperbolic because in special relativity the max-
imum velocity this particle can achieve is the speed of light.
Therefore, a uniformly accelerated observer is one moving on
a hyperbola as shown in 1. We can write the coordinates of a

Fig. 1: Light cone

point P along the trajectory, i.e. P;(wy,7), as:

X =rcoshw 29)

T = rsinhw (30)

w="1 G1)
r

where 7 is the proper time measured along the trajectory. r
is like a space coordinate and w is like a time coordinate. In
figure 2 we see several trajectories corresponding to r = I, r
= 2, r = 3. At fixed values of w, the distances between the
observers corresponding to those r’s are always the same:

MN| = |NP| = |RS| = |5T]| (32)

As the Lorentz frame of reference accelerates, the distance
between neighboring observers stays the same. However, one
can see that the accelerations along the different trajectories
are different from a non-relativistic accelerated frame of
reference. Accelerations are different between them in spite
they distance remains the same. The relativistic acceleration

Fig. 2: Light cone

is a 4-vector defined by:

d2XH
e —— 33
“ dr? (33)
The acceleration is constant along a hyperbolic trajectory

because the proper length of a* is constant:

la]* = (a")? — (a®)? = constant (34)
where a° refers to T and a! refers to X. We can write:
X = rcosh I at 35)
r
T = rsinh = = ¢° (36)
T
la|> = 2 (cosh? T _ sinh? z) =r? 37
T r
1 2
jal =~ or o= (38)
r r



The second expression for |a| introduces de speed of light.

Let’s suppose that we have an elevator at a distance y
of R that is accelerated along the hyperbola, almost vertical
at this small distance that will travel during an small amount
of time, as shown in figure 3. In ordinary polar coordinates in

T
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Fig. 3: Elevator at distance y from R

Euclidean plane, the hyperbolic trajectory can be expressed
as:

dr? = r’dw® — dr® (39)

r=y+R (40)

dr=d(y+R)=dy (41)
2 2

dr = (1+ 22 + L) R? du? — dy? 42)

R  R?

We focus on a very small region around R, then, as y/R is
small and Rw = ¢, we can simplify:

(43)
(44)

2
dr* = (1 + Ey) dt* — dy?;
dr? = (14 2gy) dt* — dy?

where we make use of ¢ = 1/R (remember g = a accelera-
tion), with gy being the gravitational potential. Therefore, in
that elevator accelerating without the presence of gravitational
field created by another body, we find there is, however, an
effective gravitational field (fictitious gravitational field). Free
particles moves in geodesics of space-time, then we can use
equation 27, together with dS = idr, and write:

X Py, dXTdX™
sz~ dr?

— 45

modr dr (43)
If we do the calculations and considering that dd—)‘;o =1 and
that the velocity is small compare to the speed of light:

dzy _ Yy 1 agtt

a2 T 55, (46)

From 43 we know that the component g;; of the tensor g must
be 1+ 2gy, so the derivative with respect to y drives to:

d2
2= T4 =

dr? “7)

;—%)=—g

We now know that:

o Space-time has a metric. In uniformly accelerated coor-
dinates, it is almost the Minkowski metric with the extra
term 2gy.

« The equation of motion along a geodesic of space-time
(travelling slowly) is Newton’s equation in a uniform
gravitational field.

o We can guess that the effect of a real gravitating matter
will be —G/y, instead of 2gy.

2GM

dr® = (1 — =) dt* — dy? (48)
Y

where y refers to the horizontal axis.

Geodesics and Euler-Lagrange Equations

A geodesic is a curve whose tangent vector stays parallel to
itself all along the curve. In a geodesic the covariant derivative
of the tangent vector is everywhere zero. Another way to get to
the equation of a geodesic is by making minimun the length
of the curve between two points, finding the shortest path.
Therefore, the quantity to minimize is the proper time between
points 1 and 2 in space-time, given by:

2
T:/’¢—%AXMXMXV (49)
1

A time-like geodesic maximizes proper time, so given the
usual definition of the action, this needs to be proportional
to minus the proper time:

action = —m/dT (50)

That is equivalent to:

2
dX+ dXv
action = —m/ \/—g o(X)—— dt
1 K dt dt

(S

We know that an Action is by definition equal to the integral of
the Lagrangian, which is function of the velocities and position
L(X,X). In this case, the Lagrangian is:

dX+ dXv

According to that, the Euler-Lagrange equations can be written

(52)



as:
doL oL
dtoxk oXk 7
(53)
d oV vy ag V oy aZ
2 OO XY+ gu 6L X — S XHXY =0,
(54)
d . ag o
R my HY yrpe Vv
gt 20 X") = e XX =0,
(55)
.. 89 k< 6gyk, .. 89 Vo
2 XH BE XXV XHuXv — HY XuXv —
9uk + OXV + axH DXF 0

(56)

If we multiply the last line of the above equation by g'*, where
" gy = 0}, then:

6guk 89;U/

8guk X“X”—i—

.. 1 .. ..
oL XH 4 gtk XrXv— XrXv)=0
WX 39 o aX* aXF )
(57)
This equation can be written as:
Xt 4T XVXF =0 (58)

Those equations are known as the geodesics equations and
allowed us to obtain the definition of the Christoffel symbols
introduced in the covariant derivatives section.

Schwarzschild Metric

We are interested now on the question of the metric of space-
time and the motion of a particle in a real gravitational field
of a massive spherically symmetric object with mass M at a
distance X of a particle. We start with the metric of a flat

space given by:
1

dr? = dt* — ngQ (59)

As the gravitating object warps the space-time, we need to
add a coefficient in front of dt? only, which represents the
gravitational potential:

1

2
C—2dX

2U (z)

dr? = (1+ > ) dt? — (60)
Including this in the formula of the Action and after doing

some arrangements:

action = —mc? / \/(1 + 2U(:C)) — )c(—;dt (61)

c2

We can simplify using the binomial theorem:

action = /(—m02 —mU + %XQ) dt (62)
That is valid when the speed of the particle is small compared
to the speed of light. We are making here a non-relativistic
aproximation. Note that:

2U (z)

—goo =1+ =2

(63)

The gravitational potential energy created in space by a body
f M is:
of mass M is e

U(x) ==

(64)

In polar coordinates, the proper time is:

2MG

c3r
According to Eistein’s field equations that we will see later,
we need to add another factor in front of dr?, hence the result
is:

dr® = (1—

1 1
) dt? — = dr® — =1 (df? +cos*0d¢”) (65)
C C

—%ﬁ (d6® + cos® 0d¢®)  (66)
c

Let’s suppose a rocket that travels in a radial direction straight

to the mass M, so that we can disregard the spherical coor-

dinates and use only the radial. The action is as follows after

dividing inside the square root by dt?> and outside the square

root by dt:

2MG 1 dr?
A:—m/\/<1— r )_1_2A]Gdt2dt (67)

Therefore, the Lagrangian is:

2MG 1 .
E—m\/(l T )1_2MG 72

If we calculate the Hamiltonian and put the velocity of the
rocket int terms of the Hamiltonian, we obtain:

2= 1_2MG 2_ (1_2A7/~[G)3
r E?

Then, the following conclusion can be obtained: As the
distance of the rocket to the mass tends to » — 2M G, the
velocity of the rocket as seen by the observer tends to zero.
At the Schwarzschild radius, the Schwarzschild coordinate
expression becomes singular; inside, the roles of t and r
change causally. That is the Schwarzschild radius of a Black
Hole. For the observer in the rocket, nothing happens when
it get to that radius, however, the external observer sees
the rocket as going increasingly more slowly. This takes
place only for bodys whose masses are contained within its
Schwarzschild radius, that is 9 mm. for Earth and 3 km. for
the Sun.

(68)

(69)

Newton’s Field Equations
It is known that a field affects particles as follows:
F=-mV¢(x) (70)

On the other hand, masses in space tell the gravitational field
what to be, following the Poisson’s equation:

V2¢(2,y,z) = 4nGp(x,y, 2, t) (71)

In this equation 47w is a convention originated from the
geometry of the sphere, as we assume that we are dealing
with a field that is invariant under rotation. G is Newton’s



Gravitational constant and p(z,y, 2, t) is the density of mass
at each position and time. In what follows, we are going to
consider a body of mass M We impose the only constraint
that the density of mass in the object of total mass M must be
symmetric with respect to rotation, that is, spherical symmetry.
For example, more density in the center than in outer layers
of the object is fine, provided that it only depends on the
radial coordinate r and not on the angular coordinates ¢ or
0. Therefore, according to Newton’s theorem, the object is
equivalent to a point of mass M located at the center of the
object.

Energy-Momentum Tensor

Massless particles, such as a photon, or massive particles,
such as neutrons, have both energy and momentum. Therefore,
energy and matter have these properties. We can ask how much
momentum and energy exists in a certain volume, in the form
of particles or energy, including the mc? part of energy. They
can be described in terms of density of energy and density
of momentum. Besides that, energy and momentum are con-
served quantities. The conservation of energy and momentum
are local properties. They cannot appear or disappear, they
flow across the boundaries of a region. When an object is
moving, the energy and momentum is flowing too. Energy
and Momentum together form a 4-vector. Total energy and
momentum are not invariant. For example, if a particle is
still and I am moving, I say the particle has momentum and
kinetic energy, not only mc? energy. But if I am still, then I
see no momentum or kinetic energy added to mc?. Also, due
to Lorentz contraction, the volume of space depends on the
reference frame and so, the density. Hence, density and flow
are not invariants. We define the following 4-vector:

Pt =(E,P™) (72)
The quantity E is the energy, also called P°. And the P™ are
the components of the momentum. Their components change
according to tensor equations of change of reference frame.
Also the total quantities change, they are not invariant. Each
of the four components of P* is a conserved quantity in the
sense of invariance of 4-vector, that is, if two 4-vectors are
equal in on frame, they are equal in every frame. Let’s define
now a tensor 7#", in which the superindexes:

e 4 = 0 refers to energy and p = 1,2,3 refers to
momentum.

e v = 0 refers to density of energy or momentum and
v =1,2,3 refers to flow of energy of momentum.

For example, T (z,y, z) refers to the density of energy in
the point (z,y, z), and T12(x,y, z) refers to the flow of the
y’s component of the momentum in (z,y, z). As energy and
momentum are conserved quantities, the v > 0 components of
the tensor represent the flow of these quantities through a unit
surface along each direction z, y, z of the point. Therefore, the
continuity equation for energy and momentum can be written
as:

DTH
DXV

=0 (73)

This matrix 7' is called the energy-momentum tensor. This
matrix has the property that it is symmetric.

Ricci Tensor and Curvature Scalar Tensor

The Ricci Tensor R*” is a contraction of the Riemann tensor

R}, . We start with the fully covariant Riemann tensor:

A A A Tk A TR
Rpaul/ = 8;1111,,39)\0 - 8urupg/\a + FMKFVPQ)\U - FVNFMpg)\U
(74

Then we convert the Riemann tensor to the mixed form R7
using the inverse metric:

RY = gp)\ Rkouu

o pY

(75)

After this, we contract the first and third indices (set p = )
to obtain the Ricci tensor:

Roy =R5,, = " Raop (76)
P

We need to relabel o — p to match the conventional notation
for the Ricci tensor:

Ry =Y ¢” Rapw (77)
PA

The curvature scalar R then is a contraction:

R = R‘uTng (78)

Einstein’s field equations

Finally we arrive to the Einstein’s field equations:

1
R" — 2" R = 8nGT" (79)

They generalize Newton’s equations and in the appropriate
limit, they reduce to Newton’s equations. The show how the
source of the gravitational field is not just energy density, it
can involve energy flow, momentum density and momentum
flow. In not relatisvistic scenarios, energy density is the
biggest component, being the rest smaller.

Kerr’s Black Holes

In 1963, Roy Kerr discovered the exact solution describing a
rotating, uncharged black hole. This solution, now known as
the Kerr metric, is characterized by two parameters: the mass
M and the angular momentum J (or equivalently, the rotation
parameter a). The metric is given by:

2M 4aMrsin®
05 = (1- T)dtQ— aMrsin Hdtdqﬁ—l-
)3 ¥
5 2a*>Mrsen*
where,

Y =r%+a%cos®0, A=1r>—2Mr+ad* a=J/M (81)



When a = 0, the Kerr solution reduces to the Schwarzschild
solution. Timelike circular orbits in the equatorial plane of the
Kerr metric are particularly important, among other reasons,
for understanding the structure of accretion disks around
black holes.

No-Hair Theorems

Rotating and electrically charged black holes are characterized
by the Kerr-Newman solution. Three parameters characterize
the black hole now: Its mass M, electric charge Q and angular
momentum J. The metric for the solution of Kerr-Newman
can be obtained from the Kerr’s metric by replacing M with
M — Q?/(2r). The Kerr-Newman metric constitutes the only
stationary, axially symmetric, asymptotically flat, and regular
solution to the Einstein equations coupled with an electro-
magnetic field (Einstein-Maxwell equations) in vacuum. Thus,
the no-hair theorem asserts that stationary black holes are
completely described by only three parameters — mass (M),
electric charge (Q)), and angular momentum (J) — and exhibit
no additional “hair” (independent observable properties).
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